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Abstract 
We propose in this work a model for monitoring the behavior of non-linear elasticity of concrete in both compression and tension until the break. 
This model is determined by applying the principles of damage mechanics and fracture using the actual laws of nonlinear behavior usually 
admitted in the continuous mechanics of materials (Sargin relations for compression and Grelat relationship for traction). Studies carried to study 
the effect of hydrostatic concrete material indicate a change in the modulus of compressibility. Whereas in the modulus is related to the change in 
volume and is independent of the variable which affects the Young's modulus, a law of evolution of the Poisson’s ratio is imposed by the 
existence of a current volumetric damage. The comparison of model calculations with experimental result presented in one hand, and with the 
results of calculation with the model of Mazars in the other hand, is very satisfactory. Applying relations changes adopted (evolution of Poisson's 
ratio, the damage evolution in unidirectional) has correctly describe and track the real behavior of concrete and up to rupture. 
© 2014 The Authors. Published by Elsevier Ltd. 
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1. Introduction 
Under the effect of a load, cracks appear in the concrete elements and reinforced concrete structures. These 
physical phenomena (microcrack appearance and growth, propagation and possibly their coalescence) modify the 
mechanical characteristics of the material. The damage mechanics can deduct this evolution using internal state 
variables, scalar or tensor according to objective when modeling. 
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In addition, the variation of Poisson's ratio of concrete has attracted the interest of several researchers who may be 
mentioned: Sami et al. (1975), Ottosen (1980), Atheel et al. (1981), Mirmiran and Shahawy (1997), Ferretti (2004) 
and Roys (2005). 
The combination of the mechanical laws of continuum materials (generalized Hooke's law) and the theory of 
damage mechanics (in adopting the isotropy of the damage and the principle of equivalent strain) leads, through this 
study, to a law of unidirectional damage variation. To best approach the real concrete behavior, we consider here the 
Poisson's ratio and Young's modulus depending of the damage. The effect is changing the hydrostatic modulus 
(Chen and May, 2009 and Reynouard et al., 2005). The modulus is related to the volume change and is independent 
of the variable which affects the Young's modulus. The Poisson's ratio law evolution is imposed by the 
tridimensional damage existence. Then, we present a model of the concrete nonlinear behavior under monotonic 
loading increasing, based on the relationships in compressive and tensile proposed, respectively, by Sargin and 
Grelat (in Grelat, 1978). It is to transform theses relationships, usually accepted in the nonlinear calculation of 
structures in civil engineering, to a concrete behavior model within damage mechanical principles and mechanics 
break concepts framework while using the fundamentals of continuum mechanics of materials. From these uniaxial 
relations behavior, we propose damage evolutionary relationships. Though, this damage moves up according to the 
strain sign (tension or compression). Compressive and tensile damage variables are introduced to describe the actual 
behavior of concrete under unidirectional stress. Considering a volumetric damage, the variation of the Poisson’s 
effect is introduced as an evolution law. 
The concrete tensile ductility, beyond cracking in the armed concrete case, is taken into account by a deformation 
ration parameter a . Relationships are then introduced into a computer code of finite elements. They are tested with 
experimental values and simulated with calculation results using the Mazars’s model (in Lemaitre et al., 2009). 
2. Assumptions 
The principle of the equivalent strain and the assumption of isotropy of the damage (Chen et al., 2009) are 
applied: the deformation (ε) caused by a stress (σ) for a damaged material can be obtained by applying a stress 
equivalent to the same material without damage. 
The damage is isotropic and the state of damage is represented by a single scalar variable ( D ) called "damage 
variable" or "internal variable". 
The threshold function of the damage (damage evolution) is defined by the equation: 0)(~),~( =−= DKDf εε
where, :~ε is the equivalent strain (observable variable) selected according to the stress state imposed. The damage 
appears when the equivalent strain reaches a certain threshold )(DK which is a function of the damage. 
The second principle of thermodynamics which requires a variable of increasing damage ( 0;D ) is applied. And 
the evolution of Poisson's ratio is taken into account. 
Behavior relations in compression and traction are, respectively, those of Sargin and Grelat. Secant method is 
then used to both laws of behavior considered in uniaxial. 
3. Variables damage in compression and traction and variation of Poisson's ratio 
3. 1. Generalized Hooke's law for unidirectional state 
For unidirectional state of principal stress, Hooke's law is written as follow: 
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:)3,2,1( =iiσ are the principals constraints;  :)3,2,1( =iiε are the principals strains. 
Poisson's ratio is considered as a variable in the nonlinear domain. The secant Young's modulus can be written: 
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)1(~ 0 DEE b −×=                                       (3) 
:Eb0 is the initial Young modulus of concrete and, D:  is the local damage variable modulus. By introducing the 
volumetric strain ( 321V İİİİ ++= ) to simulate the lateral and volumetric behavior of concrete in uniaxial 
compression, equations (2) are written: 
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3. 2. Introduction of the variation of Poisson’s ratio  
From equations (1), the trace of the stress tensor can be expressed by equation (5). 
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The compressibility coefficient is expressed by: 
)~21(3
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This allows us to define a variable volumetric damage VD . This last influences the compressibility modulus. By 
introducing the variable damage in uniaxial ( 1DD = ) and the compressibility factor in linear elasticity ( 0K ), this 
variable compressibility factor K~ in the nonlinear domain is written as follow: 
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From these relations, the Poisson ratio variable for a state of uniaxial stress is written: 
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3. 3. Damage variable in unidirectional compression 
Relations of Sargin are used to describe the behavior of concrete in compression until failure. They allow to 
taking into account of the ductility of the material by being flexible and adaptable to any type of behavior. The 
constraint is given by the following relationship (see Fig. 1. (a)). 
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K is the coefficient that adjusts the ascending branch of the constitutive law and K ′  is the coefficient to adjust the 
descending branch to the experimental real diagram, 
cjf  is the compressive strength of concrete at age j; Eb0  is the 
tangent modulus at the origin, BAEL (1993) proposes the followings formulas (
boε  is the strain at peak stress): 
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−ε                         (10) 
By introducing the variable of damage cD  ( 10 ≤≤ cD ) in the field of evolution of damage that is defined in the 
interval of the deformation for a compression state, we have: 
 
)()()( rcccoc DDD εεε ≤≤  for: rco εεε ≤≤              (11)         
oε : is the elastic deformation limit of the concrete, resulting for: 0)( =εcD . rcε :  is the rupture strain of the 
concrete obtained for: 1)( =εcD . The damage variable compression is given by the following equations: 
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When K ′  takes a value close to 1, the rupture strain rcε becomes large (tends to infinity) the descending branch of 
the curve tends to flatten and behavior becomes ductile (plastic). 
 
 
Fig. 1. (a) Sargin relation; (b) Grelat relation 
3. 4. Damage variable in unidirectional traction 
Relations ( εσ − ) proposed by Grelat (1978) allow to take into account the contribution of concrete in tension 
between two successive bending cracks still remained "undamaged", adhere to steel in the overall behavior of a 
beam section. This allows to approximate better the real behavior. These relationships are given by the following 
expressions (see Fig. 1 (b)): 
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0bE is the elasticity modulus of the concrete; tjf is the tensile strength characteristic of the concrete at the age j,  ftε
is the elastic deformation limit,  rtε  is the deformation at rupture. The tensile damage variable ( tD ) is such that:
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10 ≤≤ tD is introduced by applying the secant method (seeFig.1. (b)) by the following equation: 
)1(/ tbott DE −=εσ                                        (16) 
 
Variable of the damage in uniaxial tension is obtained by combining equations (15) and (16), it is expressed by 
equation (17).
   
 
 
    
              
 
 
 
4. Application of the two variables of damage ( CD , tD ) and Poisson's ratioν
~  
Figure 2 (a) shows the change in the relationship adopted in the compression, function of the evolution of 
compressive strength of concrete. Figures 2 (b) and (c) show the superposition of the results of the actual model with 
results of Mazars et al. (2006) (and in Kotronis, 2008), respectively, in compression and tension.  
Figure 3 (a) shows the evolution of damage in compression, according to the evolution of the strength of concrete. It 
appears that the damage in compression is around a value of 0.8 for the limit deformation.  
The volumetric damage (
VD ) remains small compared to the deviatoric damage in compression and even in traction 
(see Fig. 3 (b) and (c)). The figure 4, comparing the model results to the results of Ramtani (1990) (see Fig. 4 (a)) 
and Ragueneau and Gatuingt (2003) (see Fig. 4 (b)), illustrates the importance of taking into account the variation of 
the Poisson's ratio. 
 
Fig. 2 (a) Variation of relation stress –strain ; (b) Comparison actual model with Mazars’s model in compression; (c) Comparison in traction. 
 
Fig. 3. (a) Damage variation; (b) Evolution of compression model characteristics; (c) Evolution of traction model characteristics. 
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Fig. 4. (a) Poisson’s ratio effect; (b) Comparison model with experimental results; (c) Evolution of lateral strain. 
 
5. Conclusion 
Taking into account the evolution of Poisson's ratio and unidirectional damage can describe properly the real 
behavior of concrete until rupture. Both variables of damage, respectively, in compression and tension, are 
representative of the non-linear behavior of the concrete for a unidirectional state. A value of rupture strain in 
compression adopted by the BAEL (3.5 ‰) corresponds to a value of damage about 0.8 ( 1<D ). The constant a  
can take into account the tensile ductility of the material. Taking into account the variation of Poisson's ratio better 
reflects the real behavior and this study shows a direct influence on the lateral deformation and volumetric strain. 
Finally, the volumetric damage (volume change), responsible for the variation of the coefficient of compressibility, 
remains small compared to the deviatoric damage (change of form): only parameter to affect the Young's modulus. 
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